Abstract. In this paper we study p-adic Diophantine approximation on manifolds, specifically multiplicative Diophantine approximation on affine subspaces and a Diophantine dichotomy for analytic p-adic manifolds.
Introduction
This paper is concerned with p-adic Diophantine approximation on manifolds, specifically with multiplicative Diophantine approximation and a Diophantine dichotomy in the p-adic setting. In an earlier paper [8] , we introduced a new p-adic Diophantine exponent and answered questions of Kleinbock and Kleinbock-Tomanov concerning p-adic Diophantine approximation on affine subspaces. The Diophantine exponent we introduced is better suited to homogeneous dynamics. In this paper, we continue our study by establishing multiplicative versions of our results and also establishing a Diophantine dichotomy for padic analytic manifolds. For q = (q 1 , . . . , q n ) ∈ Z n and q 0 ∈ Z, set q := (q 0 , q 1 , . . . , q n ). Following Kleinbock and Tomanov, [22] , we define the Diophantine exponent w(y) of y ∈ Q n p to be the supremum of v > 0 such that there are infinitely manyq ∈ Z n satisfying
In view of Dirichlet's theorem ( [22] §11.2), w(y) ≥ n + 1 for every y ∈ Q n p , with equality for Haar almost every y by the Borel-Cantelli lemma. We will also need the following definition from [8] . where we recall thatq = (q 0 , q) ∈ Z[1/p] n+1 .
We will denote v-Z[1/p]-approximable points by W p v and also define w p (y) := sup{v appearing in (1.2)}.
(1.3)
By Proposition 3.1 from [8] , we have that for any y ∈ Q n p we have w p (y) = w(y) + 1.
(1.4)
In [8] , we studied the exponents w p and w in detail and proved an inheritance result for the exponent w when restricted to submanifolds. This result was proved using the dynamical technique of Kleinbock and Margulis, and the exponent w p played a key role.
In [19] , D. Kleinbock established a remarkable dichotomy with regards to certain Diophantine properties. In particular, he proved that for connected, analytic manifolds, having one not very well approximable point implies that almost every point is not very well approximable. Our first result addresses this in the p-adic context. Theorem 1.1. Suppose M is a connected analytic manifold of Q n p . Let v ≥ n + 1 and suppose w(y) ≤ v for some y ∈ M then for almost every y ∈ M, w(y) ≤ v.
We now turn our attention to multiplicative Diophantine approximation, see [5] for a survey of this topic which has several parallels with, as well as striking differences from, Diophantine approximation with the usual norm. For q = (q 1 , . . . , q n ) ∈ Z n and q 0 ∈ Z, set q := (q 0 , q 1 , . . . , q n ). We define
For q ∈ Z this definition matches with the classical one.
For some ε > 0, we say that y ∈ Q n p is in WM 1+ε if there are infinitely many solutionsq = (q 0 , q 1 , . . . , q n ) ∈ Z n+1 to
A vector y ∈ Q n p is called very well multiplicatively approximable if y ∈ WM 1+ε for some ε > 0.
Following Kleinbock [18] , we say that a differentiable map f : 
We also denote the Haar measure on
e. point of U (resp., of M, in the sense of the smooth measure class on M). A manifold is called strongly extremal if almost every point with respect to the Lebesgue measure is not very well multiplicatively approximable. Our second result resolves the conjecture by Kleinbock and Tomanov in [22] in the multiplicative case.
Suppose that the volume measure λ on L is strongly extremal, then so is f * λ.
Our third result shows a dichotomy for the multiplicative case as follows. Theorem 1.3. For any connected analytic manifold of Q n p if one point is not very well multiplicatively approximable then almost every point on this manifold is not very well multiplicatively approximable.
The approach used in this paper uses homogeneous dynamics as introduced by Kleinbock and Margulis in their important paper [21] . Diophantine approximation on affine subspaces has seen several developments recently, we refer the reader to [1, 17, 18, 10, 11, 12, 13, 14, 16, 9] and [15] for a survey. Likewise, Diophantine approximation on manifolds in the p-adic setting has been studied in [22] and subsequently in [4, 23, 24, 7, 8] .
Quantitative nondivergence
We will use quantitative nondivergence estimates for certain flows on homogeneous spaces. This estimate has its origin in the influential work of Kleinbock and Margulis [21] . We refer the reader to the recent survey [3] for instances of the ubiquity of quantitative nondivergence. In the context of the present paper, the most relevant developments are an S-adic version of quantitative nondivergence developed by Kleinbock and Tomanov [22] and an improved estimate, crucial to Diophantine applications, developed by Kleinbock in [18] . A p-adic version of this estimate was used in our earlier work [8] and will also play a central role in the present paper. We recall some notation and definitions and state Theorem 5.3 from [8] , a p-adic version of D. Kleinbock's improved quantitative nondivergence theorem from [18] . This theorem more or less follows from [18] by adapting the necessary changes from [22] . For completeness, a proof is provided in [8] .
We need some definitions and notation and follow [22] in our exposition. A metric space X is called Besicovitch [22] if there exists a constant N X such that the following holds: for any bounded subset A of X and for any family B of nonempty open balls in X such that ∀x ∈ A is a center of some ball of B, there is a finite or countable subfamily {B i } of B with
We now define D-Federer measures following [20] . Let µ be a Radon measure on X, and U an open subset of X with µ(U ) > 0. We say that µ is D-Federer on U if
Finally, we say that µ as above is Federer if for µ-a.e. x ∈ X there exists a neighbourhood U of x and D > 0 such that µ is D-Federer on U . We refer the reader to [20, 22] for examples of Federer measures. Following, [18] , for a subset M of Q n p , define its affine span M a to be the intersection of all affine subspaces of Q n p containing M . Let X be a metric space, µ a Borel measure on X, L an affine subspace of Q
For a subset U of X and C, α > 0, say that a Borel measurable function f : U → Q p is (C, α)-good on U with respect to µ if for any open ball B ⊂ U centered in supp µ and ε > 0 one has
Where A vector x of Q m S will be denoted as
The norm x and the content c(x) of x are defined to be the maximum (resp., the product) of all the numbers (
The covolume, cov() of a lattice used below is defined as in §8.3 of [22] . We recall Theorem 5.3 from [8] .
Theorem 2.1. Let X be a be a Besicovitch metric space, µ a uniformly Federer measure on X, and let S be as above. For m ∈ N, let a ball B = B(x 0 , r 0 ) ⊂ X and a continuous map h :B → GL(m, Q S ) be given, whereB stands for B(x 0 , 3 m r 0 ). Now suppose that for some C, α > 0 and 0 < ρ < 1 one has (i) for every ∆ ∈ P(D, m), the function cov h(·)∆ is (C, α) good onB with respect to µ;
(ii) for every ∆ ∈ P(D, m), sup x∈B∩supp µ cov h(x)∆ ≥ ρ rk(∆) . Then for any positive ε ≤ ρ one has
3. Dichotomy: Proof of Theorem 1.1
In this section, we address p-adic versions of D. Kleinbock's paper [19] where he proved that analytic manifolds possess a remarkable dichotomy with regard to certain Diophantine properties, see also [6] and [25] . We begin with Lemma 3.1. For any ∆ ∈ P(D, n + 1) and g ∈ GL(n + 1, Q S ) we have
Proof. Note that g∆ is a lattice in Q S g∆. Set j = rank(∆). Now consider the ball
Hence by Minkowski's theorem there exists gγ ∈ g∆ i.e. γ ∈ D n+1 such that (gγ)
Proposition 3.1. Let U be a connected open subset of Q d p and let F be a finite-dimensional space of analytic Q p valued functions on U . Then for any x ∈ U there exists C, α > 0 and a neighbourhood W of x such that every element of F is (C, α)-good on W .
Proof. Without loss of generality we may assume that F contains constant functions. Let 1, f 1 , · · · , f n be a basis of
is nonplanar (cf. [22] ). For analytic functions nondegeneracy is equivalent to nonplanarity. Therefore, the conclusion follows from Proposition 4.2 of [22] .
The Corollary below now follows from the expression of cov(g t u f (x)∆) in (6.12) from [8] as a maximum of norms of linear combinations of f i 's. We are now ready for Let γ ≥ 0 and x 0 ∈ U be such that γ(f (x 0 )) ≤ γ then λ-almost every x ∈ U we have γ(f (x)) ≤ γ.
Proof. Let γ ≥ 0 and x 0 ∈ U be such that γ(f (x 0 )) ≤ γ. Consider the set U 1 := {x ∈ U | γ(f (x)) ≤ γ} which is nonempty since x 0 ∈ U 1 and define
We claim that U 2 =Ū 1 ∩ U . Since U 2 is open and U is connected so we have that U 2 = U . So for every point x ∈ U, there exists a neighbourhood such that almost every point in that neighbourhood is inside U 1 . Now take a point x 1 ∈Ū 1 ∩U and a ball B of x 1 such thatB := 3 d−1 B is inside a neighbourhood appearing in Corollary 3.1. We want to apply Theorem 2.1 to the function x → g t u f (x) . The first condition (i) of the Theorem is satisfied by Corollary 3.1. Since x ∈Ū 1 , there exists x ∈ B ∩ U 1 and this implies that γ(f (x )) ≤ γ, which in turn implies that
Now applying Lemma 3.1 we have that
for all ∆ ∈ P(D, n + 1) and for all but finitely many t ∈ N. Hence condition (ii) of the Theorem is satisfied. Taking ε = p −γ t where γ > γ and applying Theorem 2.1 we have
By the Borel-Cantelli lemma we immediately have that for µ-a.e x ∈ B we have that
for infinitely many t ∈ N. Hence by definition for λ-a.e x ∈ B, γ(f (x)) ≤ γ as γ , γ were taken arbitrary close to γ. This implies x 1 ∈ U 2 givingŪ 1 ∩ U ⊂ U 2 and clearly U 2 ⊂Ū 1 .
Now from formula 3.1 we can conclude the following: So if one point in a connected analytic p-adic manifold is not very well approximable, then almost every point in the manifold is not very well approximable. Note that this phenomenon was already clear from Theorem 6.2 of [8] for the manifolds which were nondegenerate inside some affine subspace. The theorems above constitute p-adic analogues of Theorem 1.4 (a) of [19] . We have not pursued part (b) of the Theorem in loc. cit. which has to do with singular vectors.
Multiplicative Diophantine approximation
The multiplicative analogues of Sprindžhuk's conjectures were formulated by Baker and settled by Kleinbock and Margulis in [21] . In [17] , D. Kleinbock proves his results for affine subspaces and their nondegenerate manifolds also in the multiplicative context. The setup is more subtle but the dynamical approach is powerful enough to deal with this, one replaces the one-parameter diagonal action with a multiparameter action. In [13] , the second named author proved a multiplicative version of a Khintchine type theorems for hyperplanes. Further in [22] , the authors established the S-adic Baker-Sprindžhuk conjectures, namely they also considered the multiplicative case. In §6.3 of [18] , D. Kleinbock refers to the possibility of proving his improved exponent results also for subspaces, some of this was accomplished in [26] .
4.1.
A Dynamical correspondence for p-adic VWMA vectors. In this section we define g t ∈ GL n+1 (Q p × R) such that
where t = (t 0 , · · · , t n ) and t :=
which implies that
This implies that
whereq = q pq . Since γ > 0 we have q = 0. Hence for i = 1, · · · , n we have 
Multiplying over all those i such that q i = 0,
Now from (4.4) it follows that
Hence we have that
We now claim that the Π + (q ) appearing here are unbounded. Note that |q 0 + q · y| m p · Π + (q) → 0 due to the existence of unbounded many t > 0. The same reason also gives
which implies that 1 ≤ q p |q 0 | ∞ y p if q 0 is nonzero, which says that |q 0 | + ≥ c where c > 0 depends only on y. We denote q i = p l i z i ∈ D where z i are integers without any p factor. Then
Suppose Π + (q ) ≤ M for some M > 0, i.e. i=0,··· ,n (|q i | + ) ≤ M which in turn implies that
Here we are using that if q p = p l then −l i ≤ l for i > 1. Since |q 0 | + is bounded below by positive, there are finitely many options for the integers z i occuring in q i for i > 1. Hence we have that
for some M > 0. The above inequality gives
Hence we have |q 0 | + ≤ M and arguing as in (4.3) we may conclude that
, has only finitely many options. Now from (4.5)
Thus we now have −α ≤ {i | q i =0} l i + ml ≤ α for some α > 0. Since c ≤ |q 0 | + ≤ M which gives −β ≤ (l 0 + l) ≤ β for some β > 0. Hence for i > 1 and q i = 0 we have 0 ≤ l i + l ≤ α for some α > 0. But then only way |q 0 + q · y| m p · Π + (q) can go to 0 is if there exists somẽ q( = 0) ∈ Z n+1 such that q 0 + q · y = 0. In that case y is very well multiplicatively approximable. So if y is not such then Π + (q ) has to be unbounded and satisfies
Another crucial observation now is that |q 0 | p is bounded above by a constant depending on y. So in case q 0 / ∈ Z we can write
Now takingq = |q 0 | pq and using the upper bound on |q 0 | p enables us to conclude
for infinitely manyq ∈ Z n+1 with ε < ε. Therefore y is very well multiplicatively approximable. We now prove the converse. Suppose we have that
Multiplying these we get p t = Π + (q) (1+ε) which guarantees t to be unbounded. The choice of t i gives the following condition
On the other hand,
due to (4.6). Therefore we have c(g t u yq ) ≤ p −γt . Now taking [t] consisting of integer factors and observing that the ratio of δ(g [t] u y D n+1 ) and δ(g t u y D n+1 ) is bounded by uniform factor. Hence reducing γ a bit we can conclude the lemma.
Note that one direction (=⇒) of the last lemma was already observed by Kleinbock and Tomanov in [22] with a slight variation. The main content of the previous lemma is that we can come back from dynamics to number theory using the reverse direction, which was earlier not known to the best of our knowledge. We now turn to the proof of Theorem 1.2. Note that by repeating the argument as in Proposition 6.1 of [8] , it can be proved that: Proposition 4.1. Take R = Q p × R. Let X be a Besicovitch metric space and µ be a uniformly Federer measure on X. DenoteB := B(x, 3 n+1 r). Suppose we are given a continuous function f : X → Q n p and C, α > 0 with the following properties (i) x → cov(g t u f (x) ∆)is (C, α) good with respect to µ inB ∀ ∆ ∈ P(D, n + 1), (ii) for any d > 0 there exists T = T (d) > 0 such that for any t ∈ Z n+1 + with t ≥ T and any ∆ ∈ P(D, n + 1) one has 
